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Abstract With an extended Langmuir isotherm, a Riemann problem for one-dimensional binary
gas enhanced coalbed methane (ECBM) process is investigated. A new analytical solution to
the Riemann problem, based on the method of characteristics, is developed by introducing a gas
selectivity ratio representing the gas relative sorption aﬃnity. The inﬂuence of gas selectivity ratio
on the enhanced coalbed methane processes is identiﬁed. c© 2011 The Chinese Society of Theoretical
and Applied Mechanics. [doi:10.1063/2.1106206]
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A displacement process is always involved in the
recovery of oil and gas, such as water ﬂooding, poly-
mer ﬂooding and gas injection displacement.1–4 A
dispersion-free displacement process with a uniform ini-
tial state and a constant injection condition may be
regarded as a Riemann problem. Investigating the
Riemann problem could promote the understanding of
mechanism of a displacement process.1–6
Recently, techniques of enhanced coalbed methane
(ECBM), which can signiﬁcantly improve the recovery
factor of coalbed methane by injecting non-methane
gas underground, have drawn a great deal of research
attention.7 Zhu et al.8 developed a displacement theory
to interpret the ECBM process. Based on the method
of characteristics (MOC), Zhu et al. constructed solu-
tions to the Riemann problem for one-dimensional bi-
nary and ternary ECBM processes. Solutions consist-
ing of rarefaction waves and shock waves are identiﬁed.
The same method was also applied by Tang et al.9 and
Jessen et al.10 to interpret their experimental results.
However, current investigations ignore eﬀects of the gas
relative sorption aﬃnity between the injected gas and
methane, which is the key factor for assessing an ECBM
process.
This paper introduces a gas selectivity factor rep-
resenting gas relative sorption aﬃnity to construct an
analytical solution to the Riemann problem for one-
dimensional binary gas ECBM process. It clearly iden-
tiﬁes the inﬂuence of the gas selectivity ratio on the
displacement process.
Methane is mainly stored in the coalbed at an ad-
sorbate state, and the recovery of methane involves gas
adsorption/desorption processes.7,11 Assumed to be an
equilibrium gas sorption process, the ECBM process
may be characterized by a single-porosity model.8,9 The
model adopted in this paper was similar to that de-
veloped by Zhu et al. except diﬀerent assumptions on
gas mixing.8 Volume of gases were assumed to be con-
stant during the mixing process, and the molar density
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ρ (mol/m3) of binary gas mixture can be calculated as
follows
ρ =
⎛
⎝∑
i=1,2
zi
ρpurei
⎞
⎠
−1
, (1)
where subscripts i = 1, 2 represent CH4 and the injected
gas, respectively, z is gas molar fraction and ρpure is the
molar density of pure gas.
Due to the conservation of mass, we have
∂Ci
∂τ
+
∂Fi
∂xD
= 0, i = 1, 2, (2)
z1 + z2 = 1, (3)
with the total molar concentration, Ci = Φziρ + (1 −
Φ)ai, total ﬂux Fi = ΦziρuD, dimensionless time τ =
uinjAt/ΦAL, dimensionless length xD = x/L and di-
mensionless velocity uD = u/uinj, where Φ is porosity,
u (m/s) is the ﬂow velocity at position x (m) and time
t (s), uinj (m/s) is the velocity at inlet, L (m) is the
length of the one-dimensional model, and A (m2) is the
cross section area.
The a (mol/m3) in the total molar concentration
indicates the equilibrium gas adsorbate molar density.
The extended Langmuir isotherm for binary gas is
adopted here
ai =
Vibizip
1 +
2∑
j=1
bjzjp
, i = 1, 2, (4)
where V (mol/m3) and b (1/MPa) are both Langmuir
constants, and p (MPa) is pressure.
Coalbeds have large internal surface area and strong
aﬃnity for certain gas species. It is known that sorp-
tion aﬃnities of CO2, CH4 and N2 to coal follow
CO2 > CH4 > N2 under similar temperature and pres-
sure conditions.7–9 As a result, coals exhibit a selective
adsorption of diﬀerent gas components in a mixture. A
convenient method for expressing the relative adsorp-
tion of components in an adsorption system is carried
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out by the calculation of a selectivity ratio. For a bi-
nary gas adsorption system, the selectivity ratio may be
deﬁned as,12
Sij =
(y/z)i
(y/z)j
, (5)
where yi and zi are mole fractions of component i in the
adsorbate phase and the free gas phase, respectively.
For the extended Langmuir isotherm, the gas selectivity
ratio of the injected gas to methane is constant and
independent of gas component,12
S21 =
V2b2
V1b1
. (6)
The initial and boundary conditions are
z1(xD, 0) = 1. (7)
z1(0, τ) = 0, uD(0, τ) = 1. (8)
Equations (2), (7) and (8) specify a Riemann prob-
lem for one-dimensional binary gas ECBM process.
Solutions to the Riemann problem, based on the
MOC, are presented. By eliminating the derivatives of
velocity in Eq. (2) (i = 1, 2), we can obtain
B
∂z1
∂τ
+ uD
∂z1
∂xD
= 0, (9)
where
B = 1 +
z2
ρ
1− φ
φ
∂a1
∂z1
− z1
ρ
1− φ
φ
∂a2
∂z1
.
According to MOC,2 characteristic lines in the space
xD–τ can be deﬁned as dxD/dτ = uD/B, along which
the molar fraction z1 is constant, i.e. dz1 =0. And the
velocity uD along the characteristic lines follows
1
uD
duD
dz1
= −
(
1
ρ
∂ρ
∂z1
− 1
z2
)
+
1
B
(
1
ρ
∂ρ
∂z1
− 1
z2
+
1
ρz2
1− φ
φ
∂a2
∂z1
)
(10)
By integrating Eq. (10), the value of uD can be deter-
mined. Subsequently, the characteristic velocity λ can
also be calculated as follows
λ =
dxD
dτ
=
uD
B
, (11)
The solution to a Riemann problem may represent
the form of a rarefaction wave, a shock wave or the
combination of both.1,2 A rarefaction wave would take
place while characteristic velocities increase monotoni-
cally from upstream to downstream; otherwise, a shock
wave must form. Furthermore, a physical shock wave
solution must satisfy the entropy condition which re-
quires that the shock wave should be self-sharpening.2
The shock wave propagation velocity can be calculated
by applying the mass conservation law in an integral
form
Λ =
F+1 − F−1
C+1 − C−1
=
F+2 − F−2
C+2 − C−2
, (12)
Table 1. Langmuir constants at T = 300 K.
V /(mol ·m−3) b/MPa−1 S21
Gas 1 1 500 0.2 -
Gas 2 300 0.1 0.1
Gas 2 750 0.2 0.5
Gas 2 900 0.3 0.9
Gas 2 1 000 0.3 1
Gas 2 1 500 0.4 2
Gas 2 2 000 0.75 5
Gas 2 3 000 1 10
where “+” and “–” represent upstream and downstream
of the shock wave, respectively, and Λ denotes the shock
wave propagation velocity.
A straightforward way to identify the solution to
the Riemann problem is to deduce the derivative of the
characteristic velocity
dλ
dz1
=
2uD
ρB2
1− φ
φ
[(
∂a2
∂z1
+
∂a1
∂z1
)
−
1
2
(
z2
∂2a1
∂z21
− z1 ∂
2a2
∂z21
)]
. (13)
Furthermore, the adsorbate molar density of the in-
jected gas can be written in terms of the gas selectivity
ratio
a2 = a1S21z2/z1 (14)
Substituting Eqs. (4) and (14) into Eq. (13), we have
dλ
dz1
=
2uD
B2
1− φ
ρφ
V1b1p(1 + b1p)(1 + b2p)
(1 + b1pz1 + b2pz2)3
·
(1− S21) (15)
Thus, the sign of the derivative is strictly deter-
mined by the term with selectivity ratio (1 − S21), as
other terms are greater than zero. Consequently, solu-
tions to the Riemann problem are entirely dependent
on the selectivity ratios.
Solutions to the Riemann problem with diﬀerent se-
lectivity ratios are depicted in Fig. 1. The injected gas
and CH4 are assumed to follow the ideal gas law. Lang-
muir constants and selectivity ratios used in calculations
are listed in Table 1. Other parameters are: p = 3 MPa,
temperature T = 300 K, Φ = 0.2. Figure 1 shows the
following results:
(1) For S21 < 1, the derivative of the characteristic
velocity is positive. As a result, the characteristic ve-
locity increases with increasing molar fraction z1. The
solution to the Riemann problem consists of a rarefac-
tion wave.
(2) For S21 > 1, the derivative is negative. The
characteristic velocity decreases with the increase of mo-
lar fraction z1. A shock wave forms and its propagation
velocity can be calculated from Eq. (12).
(3) For S21 = 1, the derivative is zero. The charac-
teristic velocity is independent of component fraction,
resulting in a linear system. The initial discontinuity
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Fig. 1. Solutions to the Riemann problem with diﬀerent selectivity ratios.
Fig. 2. Rarefaction waves with diﬀerent selectivity ratios.
of the Riemann problem will propagate without any
changes.
Figures 2 and 3 show the inﬂuence of selectivity ra-
tio on the rarefaction wave solution and shock wave so-
lution, respectively. When selectivity ratio is less than
1, the rarefaction wave becomes more dispersed with de-
creasing selectivity ratio. Furthermore, the smaller the
selectivity ratio is, the faster the heads of rarefaction
waves propagate, and the slower the tails of rarefac-
tion waves travel (Fig. 2). For the shock wave solution,
the greater the selectivity ratio is, the slower the shock
waves propagate (Fig. 3).
In addition, the analytical solutions to the Riemann
problem have been conﬁrmed with a total variation
diminishing (TVD) scheme imposed by the van Leer
limiter.13 The analytical solution proﬁles are compared
with those obtained from the TVD numerical simulation
under 200 gridblocks. Examples of proﬁle comparisons
are shown in Fig. 1(b). Excellent agreement between
the two solutions is observed, with only a small diﬀer-
ence caused by numerical dispersion in the TVD solu-
tion. Discontinuities of shock waves are more or less
smoothed.
As discussed above, a solution to the Riemann prob-
lem for one-dimensional binary gas ECBM process could
consist of either a rarefaction wave or shock wave. In
practice, a shock wave solution will be favorable, be-
cause a piston-like displacement will take place, and a
total recovery of CH4 can be achieved before the in-
jected gas breakthroughs. In contrast, a rarefaction
wave solution, corresponding to a non piston-like dis-
placement, is unfavorable, because early breakthrough
of the injected gas at the production well will cause
additional cost for separating the injected gas from
CH4 before sale. According to our analytical solution,
whether a displacement is piston-like or non piston-like
can be quickly identiﬁed from the gas selectivity ratio,
which may be calculated from Langmuir constants of
each component.
This paper carries out an analytical solution to
the Riemann problem for one dimensional binary gas
ECBM process. Based on the MOC, solutions to the
Riemann problem are constructed with the extended
Langmuir isotherm. The inﬂuence of the gas sorption
aﬃnity is examined by introducing the gas selectivity
ratio into the solution. Results indicate solutions to the
Riemann problem are dependent on the gas selectiv-
ity ratio. If the injected gas exhibits a higher aﬃnity
to coal than CH4(S21 > 1), a shock wave will form.
Furthermore, the shock waves propagate slower with
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Fig. 3. Shock waves with diﬀerent selectivity ratios.
the increase of selectivity ratio. While the injected gas
aﬃnity to coal is weaker than that of CH4(S21 < 1),
a rarefaction wave is admissible. With decreasing se-
lectivity ratio, the rarefaction waves become more dis-
persed. In a particular situation where the injected gas
and CH4 exhibit a uniform aﬃnity to coal (S21 = 1),
the Riemann problem has a linear solution.
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